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Reflection of Magneto-Thermoviscoelastic Waves
under Generalized Thermoviscoelasticity

Y.-Q. Song,!'2 Y.-C. Zhang,! H.-Y. Xu,' and B.-H. Lu?
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Considering each of the thermal fields, viscoelastic and electromagnetic fields
contribute to the total deformation of a body and interact with each other.
Reflection of magneto-thermoelastic waves under generalized thermoviscoelas-
tic theories is employed to study the reflection of plane harmonic waves from
a semi-infinite elastic solid in a vacuum. The expressions for the reflection
coefficients, which are the ratios of the amplitudes of the reflected waves to
the amplitudes of the incident waves, are obtained, and the reflection coeffi-
cient ratios variation with the angle of incidence under different conditions
are shown graphically when acrylic plastic materials are considered.

KEY WORDS: generalized magneto-thermoviscoelasticity; reflection coeffi-
cient ratio; rotational waves and dilatational waves; thermal relaxation times.

1. INTRODUCTION

With the rapid development of polymer science and the plastics industry,
the use of materials under high temperature in modern technology, and
the application of biology and geology in engineering, the study of the
theory and application of viscoelastic materials has become an important
subject in solid mechanics.

The theory of generalized thermoelasticity was proposed by Lord and
Shulman [1] and Green and Lindsay [2] (hereafter called LS and GL the-
ories, respectively). These theories have been developed by introducing one
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or two relaxation times in the thermoelastic process, with an aim to elim-
inate the paradox of infinite speed for the propagation of thermal sig-
nals. The LS model is based on a modified Fourier’s law, but the GL
model considers second sound even without violating the classical Fou-
rier’s law. The two theories are structurally different from one another, and
one cannot be obtained as a particular case of the other. Various problems
characterizing these two theories have been investigated and reveal some
interesting phenomena. Brief reviews of this topic have been reported by
Chandrasekharaiah [3, 4].

The theory of magneto-thermoelasticity is concerned with the inter-
acting effects of the applied magnetic field on the elastic and thermoelas-
tic deformations of a solid body. This theory has aroused much interest
in many industrial applications, particularly in nuclear devices, where there
exists a primary magnetic field; various investigations are to be carried out
by considering the interactions among magnetic, thermal, and strain fields.
Analyses of such problems also influence various applications in biomed-
ical engineering as well as in different geomagnetic studies. The develop-
ment of the interactions of an electromagnetic field, the thermal field, and
the elastic field is available in many studies, such as Refs. 5-8.

In this paper, the generalized thermoviscoelastic theory is applied to
study the reflection of a plane wave under a constant magnetic field for
a semi-infinite viscoelastic solid nearby a vacuum. The variation of the
reflection coefficient ratios of various reflected waves with the angle of
incidence has been obtained for dynamical coupling theory, LS theory,
and GL theory. Also, the effects of viscous and thermal coupling with the
applied magnetic field are analyzed numerically.

2. FORMULATIONS OF THE PROBLEM

We consider an isotropic, homogeneous, linear, thermally and electri-
cally conducting viscoelastic medium occupying the Cartesian semi-infinite
space: '={(x,y,2)| — o0 <x,y <00, —00 <z<0}. The whole body is at a
constant temperature Ty and it is acted on throughout by a constant mag-
netic field H= (0, Hy,0), which is oriented towards the positive direction of
the y-axis.

The linearized equations of electromagnetism, valid for slowly moving
media are as follows:

J = curl ﬁ—sgﬁ, (1)
curl E = —Mofl, (2)
E=—puo (i A H), 3)
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div h = 0. 4)

The basic equation for magneto-thermoviscoelastic interactions in a homo-
geneous, isotropic solid in the context of coupled dynamical (CD) theory,
LS theory, and GL theory may be taken in a unified form in the absence
of body forces and heat sources:

(a) Equation of motion

pii; =0}, j + 1o (jXﬁ)i, (5)
(b) Strain-displacement relation
1
§ij =5 (wij+uji), (6)
(c) Constitutive equation [9]
! 3[8,']' ()?,r)—af“(fc,r)]
Oij ZfR(I—T) 97 dr, (7)
0
in which T=T +7,T, R(t) is a relaxation function given by
t
R(H=2n|1—-A / e P =1 gt || (8)

0

and 0O<a*<1,A>0,8>0) are experimental parameters.

Assuming that the relaxation effects of the volume properties of the
material are ignored, one can write for the generalized theory of thermo-
viscoelasticity,

o=K[e—3a(T+1T)], ©9)

in which o =0y /3, e=¢j;.
From Egs. (7) and (9), we can obtain

. R 3
Oij:R(Sij)+<K—§> 65,']'—)/(14-1'15) T4, (10)
in which
t
deij (X, .
/R(t—r)w dr =R (e)). (11)
T

0
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and §;; is the Kronecker Delta. The generalized thermoelasticity can be
deduced from Eq. (10) by replacing R(e;;) with 2u(e;;).
(d) Heat conduction equation

J . 0 Y
kV2T =pCg (1 +z05> T +Toy (1 +nr05) divi, (12)

The use of relaxation times 7y, 7} and dimensionless constant » makes the
above equations possible for three different theories:

CD theory: top=11 =0
LS theory: 1p>0, 11=0, n=1
GL theory: 7y > 19 > 0, n=0

We shall consider only the two-dimensional problem. We assume
that all variables are functions of space coordinates x,z, and time ¢ and
independent of coordinate y. So the displacement has components # =
(1,0, w). .

Assume a perturbation of the magnetic field 2= (0, 2, 0). To separate
the dilatational and rotational components of strain, we introduce the dis-
placement potentials ¢ and v by the relations,

u =¢,X+1/f,2a w:‘f’,z_w,x- (13)

From Egs. (5), (7), (10), (12), and (14), we get

92 K 2 4 9 H
a—¢:<—+—R)V2¢—Z(l+r1—>T—MO Y9, 4
912 o 3p 0 ot P
RV BN
L — —R(V*), 15
7 = (V) (15)
2 0 r d 2
kV-T = pCg 1+'L’05 T+ Toy 1+n1:0§ V<o, (16)
in which
c3 1 H?
a:l—i——;, = , Ci:“o—o.
c E0M0 Y

we can obtain from Egs. (1) to (4)

Q=—HyV?¢. (17)
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Let us introduce the following dimensionless variables:

co_ X S U r_yT T__ & v

X; = ~1— u; = T =% = —"— 1

1 CTwl’ 1 CTwl’ K ¢ (CTLUI)Z’ w (CT(’—)I)Z’ ( 8)
® Tt _ T 1'1 = __ % A'_AA
Q=4 I=4. D= f=g. oy=%. R=3xRk

c? 2
k /K / G z—_r T
w1 = chCT Cr= N CL= C2 o ¢ pZCECTZ'
In terms of these dimensionless variables, Eqs. (14) — (17) and Egs.

(8) and (10) take the following form (dropping the bar over the dimension-
less variables for convenience):

2
9°¢ 5 ) ]
— = Vi — _
@S (14 R+Rir) 9% (1+r1 at)T, (19)
P 3.,
g = iF (7). 20
3\ .. d :
V2T = <1+IOE>T+8<1+}HOE> V2, (21)
Q=-V’, (22)
t
4 .
R(1) = % 1—A/e—ﬁf¢°‘ “lar|, (23)
0
3. R 9
Oij = ER (sij) + (1 - 5) edij — (1 +‘L’18—> T6ij, (24)

where Ry is the number of the magnetic pressure. This concept was orig-
inally introduced in magnetohydrodynamics. It is a measure of the rela-
tive importance of magnetic effects in comparison with mechanical ones.
C4 is the so-called Alfvén speed. e represents the usual thermoviscoelastic
coupling parameters. Also, we can see from Egs. (19)—(21) the dilatational
waves are affected due to the presence of the thermal effect and magnetic
field, while the coupled rotational waves remain unaffected.

3. SOLUTION OF THE PROBLEM

For a harmonic wave propagated in the direction that has the wave
normal lie in the xz-plane,making an angle 6 with the z-axis, we assume
solutions of the system of Egs. (19)—(22) in the forms:

{6, T, 2} = {¢1, T1, L }exp[i{& (xsinfd +zcosH) —wt}], (25)
Y = Yrexp[i{l (zsin6 + z cos ) — wt}],

where &,/, are the wave number and w is the circular frequency.
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Substituting Eq. (25) into Egs. (19), (21), and (22), we arrive at a system
of three homogeneous equations:

(52,31 —aa)z) $1+1/T) =0, (26)
(52 —im(;) Ty +iwet 3¢ = 0, 27
—£%1+ Q) =0, (28)

in which

p1 =1+Ry—iwR, t=l-iwt, 1{=1-iot, 1f=1-iwnt,
4u |:1 AT (™) ]

R=———|1- —
3Kiw (B —1w)¥

The system of Egs. (26)—(28) has non-trivial solutions if and only if
the determinant of the factor matrix vanishes. So

£2B) —aw? T 0
iwargzgz £2 —iwty 0|=0. (29)

This yields

Bit,+ 1t e —law iw,
L V2 /3/1 o, (30)
ot at))

in which v=w/& is the velocity of dilatational waves.

From Egs. (22) and (25), we can obtain

3iwR
w? + = -0

4o ’ GD

in which w=w/![ is the velocity of the rotational waves.

3.1. For Incident Rotational Wave

Since Eq. (30) is quadratic in v?, there shall be two dilatational waves
traveling with two different velocities. So if assuming the radiation into
vacuum is neglected, when a rotational wave falls on the boundary z =
0 from within the viscoelastic medium, there shall be two reflected dila-
tational waves. We consider that the normal of the incident rotational
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Fig. 1. Relation between the incident angle and the reflection angle.

waves makes an angle 6 with the negative direction of the z axis, and the
reflected dilatational waves will make angles 6y, 6, with the same direc-
tion (Fig. 1), the displacement potentials ¢ and ¢ will take the following
forms:

¢ = Arexp[i{& (xsin6) —zcosb) —wr}]

+Azexp [i{& (xsinfy —zcos6r) —wt}], (32)
Y = Biexp[i{l(zsinf + zcosd) — wt}]

+Byexp [i{l (zsind — zcosb) —wt}]. (33)

The ratios of the amplitudes of the reflected waves and amplitudes
of the incident waves By/Bi, A{/B1, A>/B; give the corresponding reflec-
tion coefficients. Also it may be noted that the angles 6,0;,6, and the
corresponding wave numbers [, £1,&, are to be connected by the follow-
ing relations:

£ sin@; =& sinf, =1sin by, (34)

on the interface z=0 of the medium. Equation (33) may also be written as

sin 61 _ sin 6, _ sin/97 (35)
V1 1%} C

w ® , | 3iwR | B
=—, = —, = — = =,/ — =4/ -, 36
Ty BTy T 4o o o

and vj,vy are roots of Eq. (30).

in which
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3.2. For Incident Dilatational Wave

We consider that when the normal of the incident dilatational waves
makes an angle 6 with the negative direction of the z axis, there will be
two reflected dilatational waves. One will make an angle 6 with the direc-
tion of the z axis, and the other reflected dilatational wave and rotational
wave will make angles 61, 6, with the same direction (Fig. 1); the displace-
ment potentials ¢ and ¢ will take the following forms:

¢ = Biexp|i
+Boexp
+Ajexp
Y = Azexp|i

£ (xsin6d +zcosb) —wr}]

i{& (xsinf —zcosf) —wr}]

i{& (xsinf; —zcos)) —wt}], (37)
I (zsind, — zcosbh) —wt}]. (38)

Also, the angles 6, 01, 6, and the corresponding wave numbers &, &,[ are
to be connected by the following relations:

&1sinf =&, sinf) =1sin s, (39)
on the interface z=0 of the medium. Equation (33) may also be written as

sinf sinf; sin6,
= = ; 5

(40)
V1 ) c

in which vy, vy,and ¢’ are the same as those obtained in Eq. (36).

4. BOUNDARY CONDITIONS

Since the boundary z=0 is adjacent to vacuum, it is free from surface
traction. So the boundary condition can be expressed as

Uzjzo (j=x,y,z) for z=0. (41)

Assume the boundary z=0 is thermally insulated. This means that the
following relation,

aT
— =0 for z=0. (42)
0z
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5. EXPRESSIONS FOR THE REFLECTION COEFFICIENTS
5.1. For Incident Rotational Wave

Using boundary conditions in Egs. (41) and (42) and in Egs. (32) and
(33), we can obtain the following relations:

72 2

A A B
—16—2 sin 2601 + —20—2 sin 26, — 21 0326 — cos 26 =0, (43)
By vy By vy B
A (2, R Ay? (2 . R
1¢ —251n291— Hz+i + 2¢ —2s1n292— Hz~|—ﬁ
B\ Bv; B2 Br \v3 Bavy B2
B
+5in20 — =2 §in20 =0, (44)
B
A A
a1 ,3_;_2 cos@l—i-—2 '3—;—1 cos6r, =0. (45)
By \v; Wi By \v; w

The solutions of this system for the reflection coefficients of rota-
tional waves B;/Bj, and the reflection coefficients of dilatational waves
Ay/By, Ay/By are

A Dy, A Py B B

Xl=—=—, =—=— =—=— (46)
B (0] By 0 B 0
for which
P = 2,32\113 (,31 — ow%) cos 6, sin 26 cos 26, 47)
P, =2,32v§ (,31 —av12 cos 61 sin 26 cos 260, (48)

Py=—vc? (,81 —av%) cos6s [(avlz — Ry +,82> €082 — By cos2 (0 —1—91)]
+ e (,31 — ow12> cos 6y [<au§ — Ry +ﬂ2) 0820 — By c0s2 (6 +91)]
(49)
0 =v,c? (,31 _avg) cos b [(auf — Ry +52) 0526 — By cos2 (6 —91)]
— (,81 — ow12) cos 6y [(ozv% — Ry +,32) 0820 — By c0s2 (6 — 91)] .
(50)
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5.2. For Incident Dilatational Wave

Using boundary conditions (41) and (42) and Egs. (37) and (38), we
can obtain the following relations:

, B . Apvi Ay v}
s1n29——2$1n29——l—lsm291+—1—lcos292=0, (51)
B 1v3 By ¢?
2 S 2, 2 2 .
By  Apvg 2B>sin“ 61 — Ry +avy A B> sin 26, _
By Bivi 2,sin®0 — Ry +av?  Bic? 2Bysin® 0 — Ry +o?
(52)
A av?—
cosf — —cosf — ! lz—ﬂlcoselzo. (53)

The solutions of this system for the reflection coefficients of dilata-
tional waves B,/B; and A1/Bj, and the reflection coefficients of rotational
waves Ay/Bj, are

B_ R o AR A R

Xl=——"="—, X2="="2, X3="Z=—, (54)
B W B W B W
in which
Ry = —vj(@v3 — B1) cosOi[(Ry — av}) cos 26, — 25 sin O sin(6 — 265)]
—vpvi(avi — B1) cosO[(Ry — av3) cos 26, — 2, sin 6y sin (6 +262)],
(55)
R = —21)%(,31 —owlz)(RH —owl2 2B sin? 0) sin 20 cos 26, (56)
Ry = —2¢7 [vl (B1 — v?) sin 20 cos ) — v (B — arv?) sin 26, cose]
X (Ry —av} =28, sin’6), (57)

W =v]— {Vl (/31 —ocv%) cos 6y [(RH _av%) 0826,
—2B5sin 6 sin(6 +260,)] — vy (,31 — 0(1)12)

X cos6 [(RH —ozv%) €08 26, + 2, sin 0 sin(6; —1—292)]} , (58)
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6. SPECIAL CASES

6.1. In the Absence of Thermal Coupling
In this case, we set ¢ =0. From Eq. (30) we can obtain
vi=B1/a, vi=—iw/t, (59)

and the velocities of the wave are given by

Ulz\/g, v2=1%(a)/1'0/)% (60)

6.1.1. For Incident Rotational Wave

For an incident rotational wave, we can obtain the expressions for X1,
X2, and X3:

x1="1 x2-0, x3="3, 61)
n n
for which
nip = 281 sin26 cos 26, (62)
n3 = (B1— Ry + B2) cos 20 — Br cos2(6 +61), (63)
n = —(B1— Ry + B2)cos20 + By +cos2(0 +6y). (64)

6.1.2. For an Incident Dilatational Wave

For an incident dilatational wave we can obtain the expressions for
X1, X2,and X3:

x1="1 x2—0, x3="23, (65)
m m

Ry = —vI[(Ry — B1) c0s 26, — 2, sin 0 sin(6 — 26,)], (66)

Ry = 2¢”%sin20(Ry — 1 — 2B, sin 0), (67)

W = —v2[(Ry — 1) c0s 262 — 2, sin 6 sin (0 + 26,)]. (68)

From Egs. (61) and (65) we can clearly see that if an incident wave
arrived at the boundary plane, there will be two reflected waves; one is
the reflected rotational wave X3 and the other is the reflected dilatational
wave X1. Also, we can see that the relaxation times have no effects on the
reflection coefficients. So the CD theory, LS theory, and GL theory give
the same result when the thermal coupling is not considered.
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6.2. In the Absence of Viscous Effects

The generalized thermoelasticity can be deduced from Eq. (10) by
replacing R(e;;) by 2u(g;j); in this case, the constants g1, 8, and the
velocity of the rotational wave are given below:

_ _ K B2
Bi=14+Ry, pa= o c—\/: (69)

We can obtain the reflection coefficient ratios by substituting Sy, 8>.c’
in Egs. (47)-(50) and Egs. (55)—(58) by Eq. (69).

7. NUMERICAL RESULTS

An acrylic plastic material was chosen for the purpose of numerical
evaluation. For the plastic Poisson’s ratio can be taken equal to 0.25 which
leads to 4 /3K =0.8. The constants of the problem were taken as [9]: 8=
0.005, A=0.106, «*=0.5, 1o=1.0, 1y =1.2.

Figs. 2 and 3 give the variation of the reflection coefficient ratios with
the angle of incidence for a rotational wave and a dilatational wave under
three theories. We can see that in the case of a rotational wave, the reflec-
tion coefficient ratio |X1|=1]X2| =0 when 6 =45°. Figs. 4 and 5 give a
comparison of the reflection coefficient ratios between the LS case with
and without the viscous effect, and the GL case with and without the vis-
cous effect. It can be observed that the viscous effect plays an important
role. Also, we can see that the viscous effect is more pronounced in the
GL theory than in the LS theory. Figs. 6 and 7 give the variation of the
angle of incidence with the reflection coefficient ratios under different val-
ues of coupling parameters. We can see that the reflection coefficient ratios
|X1|,|X3| decrease with an increase of the coupling parameter, while the
reflection coefficient ratio |X2| increases with an increase of the coupling
parameter. Also, it can be observed that |X2| vanishes when ¢ =0 as that
discussed in a particular case. Figs. 8 and 9 give the effect of a magnetic
field on the reflection coefficient ratio. Clearly the magnetic field has a
salient influence on the reflection coefficient ratio. Also, we can see that
the effect of the magnetic field is more important in the case of dilata-
tional incidence than in the case of rotational incidence.

8. CONCLUSIONS
We can obtain the following conclusions according to the above analysis:

1. The reflection coefficient ratio depends on the angle of incidence; the
nature of this dependence is different for different reflected waves.
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(a) 4.5
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R,=0.3,6=0.03
—CD theory
2.7 T/ LS theory
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00 T T 1
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o

Fig. 2. Variation of reflection coefficient ratio with incident angle of rotational wave under
different theories.
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Fig. 3. Variation of reflection coefficient ratio with incident angle of dilatational wave under
different theories.
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Fig. 4. Viscous effect on variation of reflection coefficient ratio with incident angle of

rotational wave.
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Fig. 5. Viscous effect on variation of reflection coefficient ratio with incident angle of
dilatational wave.
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Fig. 6. Effect of coupling parameter on variation of reflection coefficient ratio with incident

angle of rotational wave.
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Fig. 7. Effect of coupling parameter on variation of reflection coefficient ratio with incident

angle of dilatational wave.
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(a) 457
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0.018
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0.012
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o 30 60 20

(¢) 121

o

Fig. 8. Effect of magnetic field on variation of reflection coefficient ratio with incident angle
of rotational wave.
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(a) 1514

[x1]

|

(b) ©.08

0.04
[x2]

0.02

0.00

() 87

%3]

Fig. 9. Effect of magnetic field on variation of reflection coefficient ratio with incident angle
of dilatational wave.
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2. Viscous effects play a significant role, and the effect is more pro-
nounced in the GL theory than in the LS theory.

3. The thermal coupling parameter and the magnetic field have a salient
influence on the reflection coefficient ratio.
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NOMENCLATURE

A, 4 Lame’s constants 0 density

Cg specific heat at constant ¢ time

strain

T absolute temperature Ty reference temperature

ojj components of stress tensor  s;; components of strain
tensor

u; components of displace- &k thermal conductivity

ment vector

0 magnetic permeability &0 dielectric constant

De current density 70, T relaxation time

e dilatation o coefficient of linear ther-
mal expansion

y (BAr+2u)a; H initial uniform magnetic
intensity vector

E induced electric field vector h induced magnetic field
vector

u displacement vector J current density vector

K At (2/3)u Bulk modulus e coupling parameter

R(t) relaxation function A, B,a* empirical constants
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